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FRESSURE DISTRIBUTION AND SOME EFFECTS
OF VISCOSITY ON SLENDER IRCLINED
BODIES (OF REVOLUTION

By H. Jullan Allen

SUMMARY

In comnection with a study of the flow around slender inclined bodies
of revolution, a simplified solutlion for the pressure dlstribution on
such a body has been developed. The solution should be sultable for
bodies of high finoness ratic even at low supersonic speeds, provided the
angle of attack 1s small. Comparison with low—speed experimental results
indicates that the observed flow separation phencomenas can be explained
In the terms of the calculated pressure distributions together with the
theory of obliqus viscous flows.

INTRODICTION

The longitudinal distribution of cross force on inclined bodiles of
revolution, which was primarily of interest to airship designers in the
past, was solved simply and effectively by Max Munk (reference 1). Munk
showed that the cross force f . per umlt length on an arbitrary body of
revolution in a nonviscous fluild stream was given approximately by

f=q_o-g_'—§sin2m (1)

where

4, stream dynamic pressure

d.S/dx change in body cross—sectionel ares with longitudinal distance
along the body

a angle of inclimation

Tsien (refersnce 2) investigated the cross force on slender hodies
of revolution at moderate supersonic speeds — & problem of more interest
at the present to missils and supersonic alrcraft designers — and showed
that, to the order of the first powsr of the angle of Inclinatlon, the

reduced Munk formula

.
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was stlll applicable. This 1s not surprising when 1t 1s reelized that
the cross component of the flow fileld corresponds to a cross velocity

V&O = Vb 8in o

where V_ 1s the stream veloclity. Thus the cross component of velocilty,
and, hence, the cross Mach number wlll, for small angles of Inclinmatiom,
be & small subsonlc value so that the cross flow will be essentially
incompresslble 1n character.

Although the cross—force problem in a nonviscous flow has been satlis—
factorily. investigated, the problem of determining the Incremental pressure
distribution dus to inclined flow has not received such complete atten—
tion. Kaplan (referemce 3) treated, in & thorough mammer, the flow about
slender inclined bodles, but the solution, which 1s expressed in Iegendre
polynomiale, wnfortunately, is tedlous to evaluate. Iaitome (reference L),
by linearizing the equations of motion, cbtalned a solution for the pres—
sure coeffiolent on slender bodles of revolution In Inclined flow, but,
as will be seen, the solution, due to limearizatlon, is inmadequate In the
genersal case.

In this report, a simple Incompressible potentilal flow method is
developed for determining the incremental preseure dlstribution resulting
from inclined flow on & slender body of revolution. The method, for the
reasons dlscussed previously, should be applicable for subsomnlc and super—
sonlic flows whereln the cross velocity 1s small compared to the speed of
sound.

It .18 known that viscosity actually plays an important part in the
cross~flow phenomens even at moderate angles of attack. It mey be shown
theoretically that, under certaln restrictioms, the viscous cross farce
will be glven by the drag of the body in cross-wise motion at a velocity
equal to the crosswise component of the'stream veloclity. As a simple
rule, the total cross force on a very slender body mey be formed by adding
this viscous cross force to the potentlal forces determined by Munk's
formula. For such bodles thils rule gives predicted characteristics in
good agreement with experiment. A comparison is made 1n this report
between the experimental pressure distributions on an lnclined, model-—
airshlp hull and those calculated by the nonviscous theory. The compar—
l1son 1g instructive in indicating the conditions under which the calcu—
lated characteristics will be obtained and 1n showlrng the mammer 1n which
viscosity effects are manifested.
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NOTATTION
constant of Ilntegration

surface pressure coefficient [ (p—p,)/g,]

surface pressure coefficient at zero angle of stream
inclination [ (Py_g~Py)/d, ]

incremental pressure coefficient due to angle of inclination

croas force per unlt length on an inclined body of revolution
length of body .

Pree—stream Mach number

pressure on body or in fleld of body, as indicated

free—stream pressure

',_surface pressure at zero angle of stream inclination

:E‘ree—stxleam dynémic pressure

polar radius about body axis of revolutio.n

radius at any station of body of revolution
cross—sectional area at any station of body of revolution
time

free—strea.m velocity

axial velocity at any statlon of body surface

axial component of free—stream velocity

cross component of free—stream veloclty

axlal coordinate
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y ordinate in plane of inclimation normal to axis of revolution
z ordinate normal to' plane of inclination and to axis of
revolution

a angle of inclination
2] polar angle about axis of revolution measured from the approach
direction of the cross—stream veloclty
1 tan? &
ax
o] fluld mass density

) velocity potential

THEQRY

I Consider the flow over the body of revolution shown in figure 1 which
is inclined at an angle o to the stream of veloclty V,. If the body

is slender, the axial compoment velocity V. at the body surface will not
differ appreciably from the axlal component™ V. of the stream veloclty.
o -

With this condition, 1t is clear that the flow may be treated by consider—~
ing the two-dimensional flow in a plane parallel to the yz plane, which
plane is moving downstream with the comstant veloclty Vy . In other

words, the problem may be treated by determining the two—gimnsional flow
about a circular cylinder which is first growing (over the forebody) and
then collapsing (over the afterbody) with time,

The velocity potential for the cross flow at any x station 1s glven
in polar coordinates as

CP:-VQ (r-rin;)oose - (3)

which in this moving reference plane 1s a functlon of time.

Bernoulli's equation for an incompressible flow which changes with

time 1s
2-2-1 () (&) ]+ g

Now from equation (3)
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_=-2V ()—cosa (5)

but

BLBE v teny (6)

dt dx dt %o

so that equation (5) becomes

o R
Pl vYo on tan | & ) cos 8 (7)
Also, by differentiation of equation (3),

X __v (-Rj
>~ Vyoccse =

%"Vyo gin 6 (1 +§>

so that equation (4) Por the pressure at any point in the flow fleld
becomes

R
%= 2Vy° on tan 7 (;) cos 8 —

ot o[ 1~ (Bf[ oo [1+ (3T }re @

y (8)

for

80 2

C:&.pvy—o
P 2

and hence equation (9) for the pressure at the surface of the body becomes

for r =R

v, 2 .
.I.’_'_;’__z'\ry Vg tan qcos 6 + y2 <1-hsin29) (10)
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and writing-

Vo =Voelna

on = Vo cos8 o

the surface pressure 1n coefficient form becomes

PP
P=-E;-9-=2tanqcosaBin2u.+<l—’+sin26> sin® a (11)

For small angles of inclination

gin 2a = 2a

gin® q = o

then
P=<htanqcose>a+<l-hsin29>a,2 (12)

This equation applies to a body of revolutlon of such extreme length
that; at zero inclination, the local pressure at any x station is
essentlally the stream static pressure p,.

For bodles of lower fineness ratlo at zerc angle of inclination,
the surface pressure at any station, designated p, g, will differ
slightly from the statlc pressure p, bdbut, If the fineness ratlo is not
too low, the pressure pg.g Wwill also closely approximate the pressure
for some distance 1n this yz 'plane away from the body surface. Under
this assumption that the pressure at the surface at zero Inclinmation
applies uniformly in the portion of the yz plane for which the ma jJor

offects of the cross-flow distridution are felt, the change in pressure
from po t0 Py=p Wwill be additive to, but will not otherwlse influence,

the cross—flow pressure dlstribution. Hence for any statlon on a body
of high fineness ratio for which, at zero inclination, the pressure is
Py=g> Uhe pressure coefflclent distribution at this same station under

inclined flow comditions will be, from equation (11),

P =P,o+ (2 tan n cos 6) sin 2a + <l - 4 gin® G) sin® o (13)
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or, from equation (12) for small angles of inclination,?
P=Pa=o+(1+tanncose>m+(l—hsin29>d»2 (1%)
The crose force per unlt length of the body 1s then found as

an . n ®
f=f pcoseRdB=2qof PRcos6d6+2f poRcoseds
o o] o

and clearly
«
2 f Py Rcos 8640 =0
o]
Substituting P from equation (11) gives

T n
f = 2Rg, P f cos 6 d6 + hRg  ten 3 sin 20 f cos® 6 49 +
o o

a=0
- n

2Rq, sin® a.f (1 — 4 sin® @) cos 9 @8

_ o

The first and third integrals ars zero while the second 'integral yields

T = 2nRq, tan q sin 2a

and since

2R tan g = 2R B = &8 -
. ax  ax

then

s =q_o‘%-xs-: sin 2«

which is equatlon (1) derived by Munk for the cross force on slender
airshlip hulls and, in the form,

f=2q,Eq

Equation (14), for the case in which tangent n 1s comstent, reduces
to that derived by Busemann (reference 5) for the flow over an
Inclined cone.
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that derived by Teien for the cross force, to the order of the first power
of the angle of inclination, for slender bodles at moderate supersonic
gpeeds. This development shows that these equations for the cross force
are also correct to the second power of «.

EXPERIMENTAL RESULTS ARD DISCUSSION

OF THE FEFFECTS OF VISCOSITY

In reference 6, & thorough investigatlon at low speeds was made of
the pressure distribution over a hull model of the rigid airship "Akron."
Incremental pressure dlstributions due to inclinatlon calculated by
equation (13) for five stations along the hull at three anglee of attack
are compared with the experimental values in figures 2 to 6. In each of
the figures is shown a sketch of the alrship which Indlcatee the station
at—which the incremental pressure distributions apply. This comparison
represents a severe toet of the theoretical method of this report since
the method was developed on the assumption that the fineness ratio of the
body is very large, while for the case considered the fineness ratlo 1s

only 5.9.

At the more forward stations (figs. 2 to 4), the agreement is seen
to be essentially good® but some discrepancy — particularly at values of
8 mnear 180° - 1s evident which Increases with increasing distance from
the bow. The discrepancy increases rapldly, proceeding to sections
(figs. 5 and 6) downstream of the maximum diemeter section until (fig. 6)
the entire distribution 1s affected.

The disagreement that exists at the afterbody statlons results from
effects of viscosity not considered 1n the theory as will be seen from
the following: R. T. Jones, in reference 8, showed that for laminar flow
on' an infinitely long, inclined right clrcular cylinder, the behavior of
the component flow of a viscous fluld in planes normal to the axis of
revolution was independent of the component flow parallel to this axis.
That is, viewed along the cylinder, the flow of a viscous fluld about the
cylinder would appear identical to the flow about a section of a right
circular cylinder in a stream moving at the velocity Vb 8in a. Hemce,
geparation of the flow would ococcur in the yz plane as a result of the
adverse pressure gradients that exist across the cylinder. Jones demon—
gtrated that this behavior well explained the cross forces on inclined
cylinders that were experimentally observed in reference 9. .That such
separation effects also ocour on the inclined hull model of the "Akron"
1s also evident, particularly in figures 5 and 6.

2At stations extremely olose to the bow the method must be imaccurate
as evident Prom the work of Upson and Klikoff (reference 7).
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While the treatment of reference 8 explains qualitatively the observed
behavior of the flow field about the hull model considered, it cannot be
used quantitatively, 1n the general case, for at least three reasons:
First, the theory of reference 8 was demonstrated only for laminar flows;
the separation effects on bodies with turbulent flows may not be the same
ae Indicated 1n that reference. Second, the forward sectlons of bodles
of finite length will bshave more mearly as a circular cylinder set in
motion inltlally from rest. Thus, although the adverse gradients exlst,
the flow, as shown 1n reference 10, will not have had suffliclent time to
exhibit the usual separated flow characteristic of the steady-state flow
across & circular cylinder. This, in part, explains the good agreement
evldent between the calculated and experimental values of figures 2 and 3.
Third, the influence of the term

2 tan 7 cos 8 sin 2a

of equation (13) is to distort the typical circular cylinder pressure dls—
tribution, given by the term

(1 - 4 sir® 8) sin® o

to move the calculated position of minimm pressure away from the 8=90°
point and to change the magnitude of the pressure to be recovered. Over
the forward stetlons of the body where tan 3 18 positive, the posltion
of minimum pressure lies between 90° and 180° and the pressure required
to be recovered is small and even zero. at the most forward stations. For
the rearward statlon where <tan n 18 negative, the minimum pressure lies
between 0° and 90°, and the pressure recovery required 1s large amd
increases proceeding toward the stern. For the hull of the "Akron" model,
the calculated line of minimum pressure along the hull is, for the angles
of attack of 6°, 12°, and 18°, as shown in figure 7.% Since separatiom
can only occur in an adverse gradient, it 1s clear that the line of
geparation will roughly follow the line of minimm pressures. Hence,
again, the flow about forward stations will be, or will more nearly be,
that calculated for a nonviscous fluld. Over the rearward stations the
Plow separation should tend to be sven more pronounced than would occur
on & right cirecular cylinder.

From the faregoing, it 1ls evident that the potemtlial flow solution
for the pressures on inclined bodies can only be expected to hold over
the forebody, and that over the afterbody the pressure distribution will
be importantly influenced by the fluid viscosity.

S It 13 of interest to note in this figure that even for small angles of
inclination the lines of minimum pressure become orlented close to
the direction of the axis of revolution, while at zero inclination
1t must, of course, be normal to this axls.




10 NACA TN 2044

The equations of this report for the pressure distrilbution on an
inclined body were developed on the assumption that the flow was incom~
pressible. Nevertheless, as noted earlier, the equations should be appli-
cable to-supersonic flow when the appropriate values for P, _n are used

as long as the cross component of the Mach number M, sin a 1s not too
large compared with the critical Mach number of a circular cylinder.

In reference 4, the pressure distribution was determined for bodies
of high fineness ratio to the order of first power in « and the resulte
agree with equation (14} of this report to this order. In light of the
present solution of equation (14%), it is clear that the solutlon of ref—
erence ‘I is only correct when a 1s not only small but small by compar—
ison with 1, for, when a 1s of the same order as 7, the term

(L -k sin2 6) &

assumes equal importance with the llnear term. Hence, for the usual small
cone angles used on supersonic bodles, the solution of reference y 1g
geriously limited in the range of angles of Inclination for whick it will
glve sufficiently accurate results.

Ames Aeronautical Iaeboratory, ‘
National Advisory Committee for Aeronautics,
Moffett Fleld, Calif., Dec. 28, 1949,
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Fléura j.— Body of revolution in inclined flow field.
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Station for incremental pressures, 4 = 0./l
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Figure 2.-Calculated and' experimental pressure distribution on
a model hull of the US.S. Akron af sfation §=OM.
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:S‘fafion for incremental pressures, —f = 0.247
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. 6, deg

. Figure 3.-Calculated and expsrimenial pressure distribution on
a model hull of the USS. Akron at station 7=0247.
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-Station for incremenial pressures, f- <0355

:

— Theory
© Experiment

(b) a=12°

) a=18°

0 20 40 60 80 100 /20 /40 /60 /80

6, deg _

Figure 4- Calculated and experimental pressure distribution on

a model hull. of the US.S. Akron af station {£=0355.
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Station for incremental préssures, & = 0.708

— Theory
© Experiment

Separated
Mg flow [

o

°oo)

—-! Separated flow l-—
©

(b) a=/2°

Incremental pressure coefficient, P~F .,

2
o 20 40 60 80 /00 /20 [40 (60 /80

6, deg

Figure 5.— Calculafed and experimental pressure distribution on
a model hull of the USS. Akron af station #=0.708.

1
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Incremental pressure coefficient, P-£ 20
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Station for incremental pressures, -[x- = 0867

— Theory
© Experiment

o o ngarafed flow ——bi

1 l L ]

(b) a-=12°

o —\-Separated flow
=/t o) ©
o © ° e
) t t } t t t t } t
A} ) a =18°
2t
3t

o 20 40 60 80 | /00 (20 (40 /60 /80

6, deg

Figure 6.— Calculated and experimental pressure distribution on

a model hull of the U.S.S. Akron at sfation L1=0.862
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angle of affack

Figure 7.—
ggf US.S,

Calcujaled lines of minimum pressures for a model hull
Akron at three angles of offack.
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